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1. Introduction 
Applications of group theory are bound. Almost all structures 
in abstract algebra are special cases of groups. Rings, for example, can 
be viewed as abelian groups (corresponding to addition) together with a 
second operation (corresponding to multiplication). Therefore group 
theoretic arguments underlie large parts of the theory of those entities. 
 
2. Preliminaries 
A group is a non-empty set (finite or infinite) G with a binary 
operator • such that the following four properties are satisfied: 
i. Closure: if a and b belong to G, then a•b also belongs to G; 
ii. Associative: a•(b•c)=(a•b)•c for all a, b, c in G; 
iii. Identity element: there is an element e in G such that a•e = e•a = a for 
every element a in G; 
iv. Inverse element: for every element a in G, there's an element a' such 
that a•a' = e where e is the identity element. 
We usually denote a group by (G, •) or simply G when the 
operator is clear in the context. In general, a group is not necessarily 
commutative, i.e. a•b = b•a for all a and b in G. However, some groups do 
have this property. These commutative groups are also 
called Abelian groups. The name comes from, not the Bible, but from 
Niels Henrik Abel who was a Norwegian mathematician [12]. If G has 
finitely many elements, we say that G is a finite group. The order of G is 
the number of elements in G; it is denoted by |G| or #G. Next, let us 
examine several sets and operations commonly used in mathematics to 
see whether they form groups or not. 
 
3. Main results  
Definition 2.1.   Let G be a group.  A normal intersection conjugacy 
function of G (NICF of G) is a function Y from {H | H in G} into itself 
satisfying the following conditions: 
1.  For every H in G, Y(H) in  H; 
2.  For every H in G and g in G,   
3.  If K  H in G, then Y(K) = Y(H) in  K. 
 
Definition 2.2.   Let G be a group.  A normal intersection conjugacy 
function system of G is a collection {Yp} of NICF’s of G, one for each 
prime p. 
  
Definition 2.3.   Let Y = {Yp} be an NICF system of a group G.  Then 
define  
 Y(G) = {Yp(H) | Yp in Y and H in G } and call Y(G) the image of Y in G. 
  
Example 2.4.   Given a group G, we define an NICF, Yp, of G for each 
prime p by Yp(H) = Op’ , p(H) for each H in G.  Then  is clearly an NICF 
system of G. 
  
Definition 2.5.   Let Y be an NICF system of a group G.  Then define K as 
a local Fitting .  Call  the Y-set of G. 
 
Remark 2.6.     If  is a locally-defined Fitting class of solvable groups, 
then for a solvable group G,  {H | H in G and H in F } = {H | H in G and for 
each p,  H/HF(p) in Sp’ Sp } = {H | H in G and for each p,  H/HF(p) is p-
nilpotent}.  Thus  is meant to correspond to the set of subgroups of G 
contained in a locally defined Fitting class. 
Every locally defined Fitting class  gives rise in a natural way 
to an NICF system of a group G.  For each prime p, define a function Yp 
by  where H is a subgroup of G and  is the H (p)-radical of H.  Then it is 
easy to see that Y = {Yp} is an NICF system of G and for a subgroup H of 
G, H in H if and only if H is in Y. 
However, there is a group G and NICF system Y of G such that 
there is no Fitting class F such that for H in G,  if and only if H in F.  The 
following example also shows that  may not be isomorphism closed. 
  
Example 2.7.    Let, the direct product of two copies of the symmetric 
group on three elements. We define an NICF system of G in the following 
way: 
Y = {Yp | Yp(G) = G for p not equal 3 and Y3(G) = P3 , and for H 
in G, Yp(H) = Yp(G) ∩ H}. 
 
Then  and since  * is not 3-nilpotent. However, Y3(P3) = P3 and Y2(P3) = 
P3, and  so.  Thus  is not isomorphism closed, and hence there is no 
Fitting class F such that   H | H G and H G  F Y . 
We now show that for a give NICF system Y of G,  has certain 
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Theorem 2.8.  Let Y be an NICF system of G.  Then the following hold. 
1)   If  N H G and H G < Y , then  N GY . 
2)   If  i iN H G and N G < Y  for i = 1, 2, then  1 2N N GY . 
Proof.  1)  If  H GY , then for each prime p and Yp in Y, H/Yp(H) is p-
nilpotent.  
 Since 
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nilpotent and so  N GY . 
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 is p-nilpotent.   
Thus  1 2N N GY . And this completes the proof. 
                                                                                                                         
Definition 2.9.  Let Y be an NICF system of a group G.  For each 
subgroup H of G define   H N | N H and N G  <Y Y  and call HY 
the Y-radical of H.  (We note that  H GY Y  by theorem 2.8.) 
  
Theorem 2.10.  Let Y be an NICF system of G. 
1)  If H G< , then for each  p pY ,  Y H G <Y . 
2)  For every subgroup H of G and Yp in Y, Yq in Y, we have Yq(Yp(H)) = 
Yp(Yq(H)) = Yp(H) ∩ Yq(H).  In particular, Yp(Yp(H)) = Yp(H). 
3)  For every subgroup H of G and g in G, 




4)   For K H G,  K H K < IY Y . 
  
Proof.   1)  For every g in G and Yp in Y,      
g
g
p p pY H Y H Y H    
. 
2) Since  pY H H< , we have       q p q pY Y H Y H Y H I .  Similarly, 
        q p q p qY H H implies Y Y H Y H Y H< I . 
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Thus 
   
g
gH H YY
 and therefore 
   
g
gH H YY
 as desired. 
4)  Since  H K H ,  H K GI < IY Y Y Y  and so H K KIY Y .  By 3) 
above, for every h in H,    
h
hK K K Y YY
.  Thus K is normal in H 
and so K H K IY Y .  Therefore K H K IY Y . And this completes 
the proof 
Applications to group theory 
Galois theory uses groups to describe the symmetries of the 
roots of a polynomial (or more precisely the automorphisms of the 
algebras generated by these roots) [11]. The fundamental theorem of 
Galois theory provides a link between algebraic field extensions and 
group theory. It gives an effective criterion for the solvability of 
polynomial equations in terms of the solvability of the corresponding 
Galois group. For example, S5, the symmetric group in 5 elements, is not 
solvable which implies that the general Quintic equation cannot be 
solved by radicals in the way equations of lower degree can. The theory, 
being one of the historical roots of group theory, is still fruitfully applied 
to yield new results in areas such as class field theory. 
Applications to algebraic representation theory 
Algebraic topology is another domain which prominently 
associates groups to the objects the theory is interested in. There, 
groups are used to describe certain invariants of topological spaces. 
They are called "invariants" because they are defined in such a way that 
they do not change if the space is subjected to some deformation. For 
example, the fundamental group "counts" how many paths in the space 
are essentially different [2]. The Poincaré conjecture, proved in 
2002/2003 by Grigori Perelman is a prominent application of this idea. 
The influence is not unidirectional, though. For example, algebraic 
topology makes use of Eilenberg–MacLane spaces which are spaces with 
prescribed homotopy groups [16]. Similarly algebraic K-theory stakes in 
a crucial way on classifying spaces of groups. Finally, the name of the 
torsion subgroup of an infinite group shows the legacy of topology in 
group theory. Algebraic geometry and cryptography likewise uses group 
theory in many ways. Abelian varieties have been introduced above. The 
presence of the group operation yields additional information which 
makes these varieties particularly accessible. They also often serve as a 
test for new conjectures [6]. The one-dimensional case, namely elliptic 
curves is studied in particular detail. They are both theoretically and 
practically intriguing [7]. Very large groups of prime order constructed 
in Elliptic-Curve Cryptography serve for public key cryptography[1]. 
Cryptographical methods of this kind benefit from the flexibility of the 
geometric objects, hence their group structures, together with the 
complicated structure of these groups, which make the discrete 
logarithm very hard to calculate. One of the earliest encryption 
protocols, Caesar's cipher, may also be interpreted as a (very easy) 
group operation. In another direction, toric varieties are algebraic 
varieties acted on by a torus. Toroidal embeddings have recently led to 
advances in algebraic geometry, in particular resolution of singularities 
[8]. Algebraic number theory is a special case of group theory[3], 
thereby following the rules of the latter. For example, Euler's product 
formula captures the fact that any integer decomposes in a unique way 
into primes[14,15]. The failure of this statement for more general rings 
gives rise to class groups and regular primes, which feature in 
Kummer's treatment of Fermat's Last Theorem. The concept of the Lie 
group (named after mathematician Sophus Lie) is important in the study 
of differential equations and manifolds; they describe the symmetries of 
continuous geometric and analytical structures. Analysis on these and 
other groups is called harmonic analysis. Haar measures, that is 
integrals invariant under the translation in a Lie group, are used for 
pattern recognition and other image processing techniques [9]. In 
combinatorics, the notion of permutation group and the concept of 
group action are often used to simplify the counting of a set of objects; 
see in particular Burnside's lemma [13].  The circle of fifths may be 
endowed with a cyclic group structure. The presence of the 12-
periodicity in the circle of fifths yields applications of elementary group 
theory in musical set theory. In physics, groups are important because 
they describe the symmetries which the laws of physics seem to 
obey[4,6,10,13]. According to Noether's theorem [9], every symmetry of 
a physical system corresponds to a conservation law of the system. 
Physicists are very interested in group representations, especially of Lie 
groups, since these representations often point the way to the "possible" 
physical theories. Examples of the use of groups in physics include the 
Standard Model, gauge theory, the Lorentz group, and the Poincaré 
group [5]. In chemistry and materials science, groups are used to 
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classify crystal structures, regular polyhedral, and the symmetries of 
molecules. The assigned point groups can then be used to determine 
physical properties (such as polarity and chirality), spectroscopic 
properties (particularly useful for Raman spectroscopy and infrared 
spectroscopy), and to construct molecular orbitals. This process of 
imposing extra structure has been formalized through the notion of a 
group object in a suitable category. Thus Lie groups are group objects in 
the category of differentiable manifolds and affine algebraic groups are 
group objects in the category of affine algebraic varieties. 
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